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FIRST EIGENVALUE OF THE p-LAPLACIAN ON KA¨HLER
MANIFOLDS
CASEY BLACKER AND SHOO SETO
Abstract. We prove a Lichnerowicz type lower bound for the first nontrivial eigenvalue
of the p-Laplacian on Ka¨hler manifolds. Parallel to the p = 2 case, the first eigenvalue
lower bound is improved by using a decomposition of the Hessian on Ka¨hler manifolds with
positive Ricci curvature.
1. Introduction
Let (M, g) be a n-dimensional compact Riemannian manifold, possibly with boundary.
The p-Laplace operator ∆p is defined by
∆p(f) := div(|∇f |p−2∇f).
This is a generalization of the classical Laplace operator (p = 2) and has found many
applications in mathematics as well as physics. While it is only a quasilinear elliptic operator
for p 6= 2, the p-Laplacian shares many characteristics to the classical Laplacian. See, for
instance, [7], [8] for a general reference on the p-Laplacian. The corresponding p-Laplace
eigenvalue equation is given by
∆p(f) = −µ|f |p−2f,
with appropriate boundary conditions. This equation arises from the following variational
characterization of the first nonzero eigenvalue given by
µ1,p = inf
{´
M
|∇f |p´
M
|f |p | f ∈ W
1,p(M)\{0},
ˆ
M
|f |p−2f = 0
}
for closed M and
λ1,p = inf
{´
M
|∇f |p´
M
|f |p | f ∈ W
1,p
c (M)\{0}
}
if we impose the Dirichlet boundary condition. Note that unlike the case p = 2, the eigen-
functions have only partial regularity, i.e., of class C1,α and for µ1,p 6= 0, they are never C2
(c.f. [4]). Note that f is smooth away from the set {∇f = 0}. In [10], a Lichnerowicz-
type lower bound was established for µ1,p, namely, on complete n-dimensional Riemannian
manifolds with Ric ≥ Kg, K > 0, and p ≥ 2,
µ
2
p
1,p ≥
(
1 +
1√
n(p− 2) + n− 1
)
K
p− 1 .
In fact, this was shown in a slightly more general context of integral Ricci curvature condi-
tions. Here we show that the lower bound can be improved on Ka¨hler manifolds.
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Theorem 1.1. Let (M,J, g) be an n = 2m (real) dimensional Ka¨hler manifold, possibly
with boundary. Assume that the underlying (real) Ricci curvature satisfies Ric ≥ Kg for
some constant K > 0. If ∂M = ∅, then for p ≥ 2,
(1) µ
2
p
1,p ≥
p+ 2
p(p− 1)K =
(
1 +
2
p
)
K
p− 1 .
If ∂M 6= ∅, we assume the convexity condition that p
2
H + II(Jn, Jn) ≥ 0 and the Dirichlet
boundary condition, where n is the unit outward normal vector field on ∂M , H is the mean
curvature, and II is the second fundamental form. Then for p ≥ 2,
(2) λ
2
p
1,p ≥
p+ 2
p(p− 1)K.
When p = 2, this recovers the results of Urakawa [11] for the closed case and Guedj, Kolev,
and Yeganefar [3] for the Dirichlet boundary case. See also [2] and [6] regarding the lower
bound when p = 2. For upper bounds, Chen and Wei [1] provide some estimates for the
p-Laplacian on submanifolds of space forms.
To obtain our estimate, we first establish a Reilly type formula for the p-Laplacian. The
main difficulty for the p > 2 case is the introduction of the term involving an inner product
of the Hessian in the ∇f direction with the same term but pushed forward by the complex
structure J . As there is no a priori relation between the eigenfunction f with the complex
structure J , unlike the Riemannian case, we need to take advantage of all terms involved in
the p-Bochner formula.
Remark 1.1. Using the methods of [10], we can show for p > 2 that a lower bound holds
under the assumption of integral Ricci curvature. See Remark 3.1.
In §2, we give some backgrounds concerning manifolds with boundary and give a Reilly
formula adapted for the p-Laplacian case. In §3, we give some detail for the decomposition
of the Hessian on Ka¨hler manifolds and prove the eigenvalue lower bound by applying this
decomposition to the Reilly formula.
Acknowledgements. The authors would like to thank Professor Guofang Wei for her in-
terest and valuable comments on the initial draft, as well as a reference to the Reilly-type
formulas. The authors would also like to thank the referee whose careful proofreading and
comments have greatly improved the paper.
2. p-Reilly formula
Let (M, g) be a compact Riemannian manifold with boundary.
Definition 2.1. The second fundamental form is
II(X, Y ) = 〈∇Xn, Y 〉,
where n is the unit outward normal vector on ∂M .
We begin with the following basic fact.
Lemma 2.1 ((8.1) [5]). Let Sm ⊂ Nn be an m-dimensional submanifold of an arbitrary
manifold N and let {ei}mi=1 be an adapted orthonormal frame tangential to S and {eν}nν=m+1
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normal to S. Then for 1 ≤ i, j ≤ m, the Hessian is related by
(HessN f)ij = (HessS f)ij +
n∑
ν=m+1
IIij eνf.
Specializing to hypersurfaces M¯n−1 ⊂Mn, we take the trace to get
(3) ∆f − fnn = ∆M¯f +H
∂f
∂n
,
where H is the mean curvature and ∆M¯ is the Laplacian on M¯
n−1.
As noted in [3], on Ka¨hler manifolds, we have the following decomposition of the Hessian
into the sum of a J-symmetric bilinear form and a J-skew-symmetric bilinear form:
Hess f = H1f +H2f
where
H1f(X, Y ) =
1
2
(Hess f(X, Y ) + Hess f(JX, JY ))
H2f(X, Y ) =
1
2
(Hess f(X, Y )−Hess f(JX, JY )).
Here the skew-symmetrization of H1 will lead to the (1, 1)-Hessian and H2 is the (2, 0)+(0, 2)
Hessian. Under this decomposition,
2‖H1f‖2 = ‖Hess f‖2 + 〈Hess f, J∗Hess f〉
2‖H2f‖2 = ‖Hess f‖2 − 〈Hess f, J∗Hess f〉.
Note that the above holds for complex manifolds and does not require that the complex
structure be covariantly constant. The Ka¨hler structure is used later when we want to relate
〈Hess f, J∗Hess f〉 to a curvature term.
We first establish a p-Reilly formula,
Lemma 2.2 (p-Reilly formula). For f ∈ C2(M) and p ≥ 2,ˆ
∂M
|∇f |p−2 {−(∆∂Mf +H∇nf)∇nf − II(∇∂Mf,∇∂Mf) + 〈∇(∇nf),∇f〉∂M}
= (p− 2)
ˆ
M
|∇f |p−2|∇|∇f ||2 −
ˆ
M
(∆f)(∆pf)
+
ˆ
M
|∇f |p−2(2|H2f |2 + Ric(∇f,∇f) + 〈Hess f, J∗Hess f〉).
(4)
Remark 2.1. See also a related Reilly type formula on Ka¨hler manifolds in [12], and a
similar p-Reilly formula in [13]. Here we used the decomposition of the Hessian using H2. If
instead we use the decomposition with H1, then we would obtain a Reilly formula similar to
the one presented in [12], where for p = 2, the Ricci term cancels out. Since we want to take
advantage of the Ricci curvature lower bound, this version is not suitable for our application.
Proof. We integrate the following p-Bochner formula (Lemma 3.1 [10], note the typo in the
statement there but is otherwise used correctly in its application).
1
p
∆(|∇f |p) = (p− 2)|∇f |p−2|∇|∇f ||2 + |∇f |p−2 {|Hess f |2 + 〈∇f,∇∆f〉+ Ric(∇f,∇f)} .
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Integrating the left hand side, we have
1
p
ˆ
M
∆(|∇f |p) = 1
p
ˆ
∂M
∇n|∇f |pdS
=
ˆ
∂M
|∇f |p−2〈∇n∇f,∇f〉.
Pointwise, using an (adapted) orthonormal frame {ei} with en = n and (3) we have
〈∇n∇f,∇f〉 = Hess f(en, en)∇nf +
n−1∑
i=1
Hess f(en, ei)∇if
= (∆f −∆∂Mf −H∇nf)∇nf +
n−1∑
i=1
Hess f(en, ei)∇if.
For fixed i ≤ n− 1, we have
Hess f(en, ei) =
n−1∑
j=1
〈∇i(∇jfej), en〉+ 〈∇i(∇nfen), en〉
= −
n−1∑
j=1
〈∇jfej,∇ien〉+ ei(∇nf)−∇nf〈en,∇ien〉
= −
n−1∑
j=1
(∇jf)〈∇ien, ej〉+ ei(∇nf)
= −
n−1∑
j=1
IIij(∇jf) + ei(∇nf).
Combining the above equations, we get
ˆ
∂M
|∇f |p−2〈∇n∇f,∇f〉
=
ˆ
∂M
|∇f |p−2 {(∆f)∇nf − (∆∂Mf)∇nf −H(∇nf)2 − II(∇∂Mf,∇∂Mf) + 〈∇(∇nf),∇f〉∂M} .
(5)
Integrating the right hand side of the p-Bochner formula, for the third term we integrate by
parts to obtainˆ
M
|∇f |p−2〈∇f,∇∆f〉 =
ˆ
M
div(|∇f |p−2(∆f)∇f)−
ˆ
M
∆f∆pf
=
ˆ
∂M
∇nf |∇f |p−2∆f −
ˆ
M
∆f∆pf.
Using the decomposition of the Hessian,ˆ
M
|∇f |p−2|Hess f |2 =
ˆ
M
2|∇f |p−2|H2f |2 + |∇f |p−2〈Hess f, J∗Hess f〉
and combining the equations, we obtain the result. 
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3. Proof of Theorem 1.1
To obtain the Lichnerowicz estimate for p = 2, one usually applies the Cauchy-Schwarz
inequality to the norm of the Hessian to relate to the Laplacian. On Ka¨hler manifolds, we
can take advantage of the decomposition of the Hessian which contains a curvature term.
This was a key observation in [3] and we modify to the p-Laplacian case. Consider the term
div(|∇f |p−2J∗Hess f(∇f, ·)#) = 〈∇|∇f |p−2, J∗Hess f(∇f, ·)#〉+ |∇f |p−2 div(J∗Hess f(∇f, ·)#).
(6)
Using an (adapted) orthonormal frame {ei} with en = n, the second term on the right hand
side of (6) is expressed locally as
div(Hess f(J∇f, J ·)#) =
n∑
i=1
ei〈∇Jei∇f, J∇f〉
=
n∑
i=1
〈∇ei∇Jei∇f, J∇f〉+ 〈∇Jei∇f, J∇ei∇f〉.
(7)
Here we used the fact that ∇J = 0. The first term on the right hand side of (7) can be
modified in the following way: We are tracing over an orthonormal frame {ei}, so instead,
we trace over the frame {Jei}. Then
n∑
i=1
〈∇ei∇Jei∇f, J∇f〉 =
1
2
n∑
i=1
〈∇ei∇Jei∇f, J∇f〉 − 〈∇Jei∇ei∇f, J∇f〉
=
1
2
n∑
i=1
〈(∇ei∇Jei −∇Jei∇ei)∇f, J∇f〉
= −1
2
n∑
i=1
R(ei, Jei,∇f, J∇f〉
= −1
2
n∑
i=1
R(ei,∇f, ei,∇f) +R(ei, J∇f, ei, J∇f)
= −Ric(∇f,∇f),
where the second to last line uses the Bianchi identity. The second term on the right hand
side of (7) is given locally as
n∑
i=1
〈∇Jei∇f, J∇ei∇f〉 = −
n∑
i=1
〈J∇Jei∇f,∇ei∇f〉
= −
n∑
i,j=1
〈〈J∇Jei∇f, ej〉ej,∇ei∇f〉
=
n∑
i,j=1
〈∇ei∇f, ej〉〈∇Jei∇f, Jej〉
= 〈Hess f, J∗Hess f〉.
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For the first term on the right hand side of (6) we can rewrite as
〈∇|∇f |p−2,Hess f(J∇f, J ·)#〉 = (p− 2)|∇f |p−4〈∇Jei∇f, J∇f〉Hess f(∇f, ei)
= (p− 2)|∇f |p−4〈∇Jei∇f, J∇f〉〈∇ei∇f,∇f〉
= −(p− 2)|∇f |p−4〈∇f, ej〉〈∇f, ek〉〈J∇Jei∇f, ej〉〈∇ei∇f, ek〉
= (p− 2)|∇f |p−4〈Hess f(∇f, ·), J∗Hess f(∇f, ·)〉.
Combining the above equations, we get
div(|∇f |p−2J∗Hess f(∇f, ·)#) = −|∇f |p−2Ric(∇f,∇f) + |∇f |p−2〈Hess f, J∗Hess f〉
+ (p− 2)|∇f |p−4〈Hess f(∇f, ·), J∗Hess f(∇f, ·)〉.
Applying divergence theorem to the above equation, the integrand of the boundary term is
|∇f |p−2J∗Hess f(∇f, en) = |∇f |p−2J∗Hess f(∇∂Mf, en) + |∇f |p−2(∇nf)J∗Hess f(en, en).
From the decomposition
∇XY =
n−1∑
i=1
〈∇XY, ei〉ei + 〈∇XY, n〉n
= (∇X)∂MY − II(X, Y )n,
for X, Y ∈ Tp(∂M) and
Hess f(X, Y ) = Hess f∂M(X, Y ) + (∇nf) II(X, Y )
we have
|∇f |p−2J∗Hess f(∇f, en) = |∇f |p−2J∗Hess f(∇∂Mf, en) + |∇f |p−2(∇nf) Hess f∂M(Jen, Jen)
+ |∇f |p−2(∇nf)2 II(Jen, Jen).
Therefore,
ˆ
M
|∇f |p−2〈Hess f, J∗Hess f〉+ (p− 2)
ˆ
M
|∇f |p−4〈Hess f(∇f, ·), J∗Hess f(∇f, ·)〉
=
ˆ
M
|∇f |p−2Ric(∇f,∇f) +
ˆ
∂M
|∇f |p−2J∗Hess f(∇∂Mf, en)
+
ˆ
∂M
|∇f |p−2(∇nf) Hess f∂M(Jen, Jen) +
ˆ
∂M
|∇f |p−2(∇nf)2 II(Jen, Jen).
(8)
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Combining (8) with the Reilly formula (4),ˆ
∂M
|∇f |p−2 {−(∆∂Mf +H∇nf)∇nf − II(∇∂Mf,∇∂Mf) + 〈∇(∇nf),∇f〉∂M}
= (p− 2)
ˆ
M
|∇f |p−2|∇|∇f ||2 −
ˆ
M
(∆f)(∆pf)
+
ˆ
M
|∇f |p−2(2|H2f |2 + 2Ric(∇f,∇f))
− (p− 2)
ˆ
M
|∇f |p−4〈Hess f(∇f, ·), J∗Hess f(∇f, ·)〉
+
ˆ
∂M
|∇f |p−2J∗Hess f(∇∂Mf, en) +
ˆ
∂M
|∇f |p−2(∇nf) Hess f∂M(Jen, Jen)
+
ˆ
∂M
|∇f |p−2(∇nf)2 II(Jen, Jen).
(9)
Since
|∇|∇f ||2 = |Hess f(∇f, ·)|2|∇f |−2,
we can use the decomposition of the Hessian so thatˆ
M
|∇f |p−2|∇|∇f ||2 =
ˆ
M
|∇f |p−4|Hess f(∇f, ·)|2
=
ˆ
M
|∇f |p−4(4|H2f(∇f, ·)|2 − |Hess f(J∇f, J ·)|2)
+ 2
ˆ
M
|∇f |p−4〈Hess f(∇f, ·),Hess f(J∇f, J ·)〉)
≥
ˆ
M
|∇f |p−4(4|H2f(∇f, ·)|2 −
ˆ
M
|∇f |p−2|Hess f |2
+ 2
ˆ
M
|∇f |p−4〈Hess f(∇f, ·),Hess f(J∇f, J ·)〉).
The |Hess f |2 term can be rewritten as
−
ˆ
M
|∇f |p−2|Hess f |2
= −
ˆ
M
|∇f |p−2 div(Hess f(∇f, ·)) +
ˆ
M
|∇f |p−2〈∆∇f,∇f〉
= −
ˆ
M
div(|∇f |p−2Hess f(∇f, ·)) +
ˆ
M
ei(|∇f |p−2) Hess f(∇f, ei) +
ˆ
M
|∇f |p−2〈∆∇f,∇f〉
= −
ˆ
M
div(|∇f |p−2Hess f(∇f, ·)) + (p− 2)
ˆ
M
|∇f |p−4|Hess f(∇f, ·)|2 +
ˆ
M
|∇f |p−2〈∆∇f,∇f〉.
The last term can be written in terms of the p-Laplacian asˆ
M
|∇f |p−2〈∆∇f,∇f〉 =
ˆ
M
|∇f |p−2Ric(∇f,∇f) +
ˆ
M
|∇f |p−2〈∇(∆f),∇f〉
=
ˆ
M
|∇f |p−2Ric(∇f,∇f)−
ˆ
M
∆f∆pf +
ˆ
∂M
∇nf |∇f |p−2∆f.
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Combining these together and dropping the non-negative terms, we have for p ≥ 2,
(p− 2)
2
ˆ
M
|∇f |p−2|∇|∇f ||2
≥ (p− 2)
ˆ
M
|∇f |p−4〈Hess f(∇f, ·),Hess f(J∇f, J ·)〉
+
(p− 2)
2
ˆ
M
|∇f |p−2Ric(∇f,∇f)− (p− 2)
2
ˆ
M
∆f∆pf
+
(p− 2)
2
ˆ
∂M
∇nf |∇f |p−2∆f − (p− 2)
2
ˆ
∂M
|∇f |p−2Hess f(∇f, n).
The boundary term can be simplified using (5) so that
(p− 2)
2
ˆ
∂M
|∇f |p−2((∆f)∇nf − 〈∇n∇f,∇f〉)
=
(p− 2)
2
ˆ
∂M
|∇f |p−2 {((∆∂Mf) +H∇nf)∇nf + II(∇∂Mf,∇∂Mf)− 〈∇(∇nf),∇f〉∂M} .
Combining the above with (9), we get
p
2
ˆ
∂M
|∇f |p−2 {−(∆∂Mf +H∇nf)∇nf − II(∇∂Mf,∇∂Mf) + 〈∇(∇nf),∇f〉∂M}
≥ −p
2
ˆ
M
(∆f)(∆pf) +
(p+ 2)
2
ˆ
M
|∇f |p−2Ric(∇f,∇f)
+
ˆ
∂M
|∇f |p−2J∗Hess f(∇∂Mf, en) +
ˆ
∂M
|∇f |p−2(∇nf) Hess f∂M (Jen, Jen)
+
ˆ
∂M
|∇f |p−2(∇nf)2 II(Jen, Jen).
(10)
Now we are ready to prove Theorem 1.1.
Proof. By a density argument, we can apply (10) to the first eigenfunction f and in particular,
for Ric ≥ K,
(p+ 2)
2
ˆ
M
|∇f |p−2Ric(∇f,∇f) ≥ (p+ 2)K
2
ˆ
M
|∇f |p = (p+ 2)K
2
λ1,p
ˆ
M
|f |p
and
−p
2
ˆ
M
(∆f)(∆pf) =
p
2
λ1,p
ˆ
M
|f |p−2f∆f
= −p
2
λ1,p
ˆ
M
〈∇(|f |p−2f),∇f〉
= −p(p− 1)
2
λ1,p
ˆ
M
|f |p−2|∇f |2
≥ −p(p− 1)
2
λ1,p
(ˆ
M
|f |p
)1− 2
p
(ˆ
M
|∇f |p
) 2
p
= −p(p− 1)
2
λ
1+ 2
p
1,p
ˆ
M
|f |p.
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Using Dirichlet boundary condition and the above inequalities (10) becomes
−p
2
ˆ
∂M
H|∇f |p−2(∇nf)2
≥
(
(p+ 2)K
2
λ1,p − p(p− 1)
2
λ
1+ 2
p
1,p
) ˆ
M
|f |p +
ˆ
∂M
|∇f |p−2(∇nf)2 II(Jen, Jen).
Therefore,
λ1,p
2
(
λ
2
p
1,pp(p− 1)− (p + 2)K
)ˆ
M
|f |p ≥
ˆ
∂M
(p
2
H + II(Jen, Jen)
)
|∇f |p−2(∇nf)2.
By the convexity condition, the expression must be nonnegative therefore
λ
2
p
1,p ≥
p+ 2
p(p− 1)K.
The same conclusion holds for µ1,p since the boundary integrals are zero in this case. 
Remark 3.1. By following the methods used in [10], when p > 2, one can use the re-
maining term (p−2)
2
|∇|∇f ||2 which we dropped to obtain a lower bound under integral
Ricci curvature condition as well. In detail, for each x ∈ M , let ρ (x) denote the small-
est eigenvalue for the Ricci tensor Ric : TxM → TxM, and RicK− (x) = ((n− 1)K − ρ(x))+ =
max {0, (n− 1)K − ρ(x)}, the amount of Ricci curvature lying below (n− 1)K. Let
‖RicK
−
‖∗q,R = sup
x∈M
(
1
vol(B(x,R))
ˆ
B(x,R)
(RicK
−
)q dvol
) 1
q
.
Then ‖RicK
−
‖∗q,R measures the amount of Ricci curvature lying below a given bound, in this
case, (n − 1)K, in the Lq sense. Then for a complete manifold M with q > n
2
, p ≥ 2 and
K > 0, there exists ε = ε(n, p, q,K) such that if ‖RicK
−
‖∗q ≤ ε, then
µ
2
p
1,p ≥
(
1 +
2
p
)(
K
p− 1 −
2
p− 1‖Ric
K
−
‖∗q
)
.
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